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RATE OF APPROXIMATION 
FOR THE BEZIER VARIANT 
OF BALAZS KANTOROVICH OPERATORS 
VlJAY GUPTA* — X . M . Z E N G * * 
(Communicated by Michal Zajac) 
ABSTRACT. In the present paper we study the Bezier variant of the well known 
Balazs-Kantorovich operators Ln^(f,x), a > 1. We establish the rate of conver-
gence for functions of bounded variation. For particular value a = 1, our main 




Slovak Academy of Sciences 
1. Introduction 
For a real valued function / defined on the interval [0,oo), B a l a z s [2] in-
troduced the Bernstein type rational functions, which are defined by 
Rn(f,x) = ^Pn,k(x)f ( — ) , where pn,k(x) = ( 
n \ (anx)
k 
k=0 ™ yk){l + anxy 
(1) 
and an , bn are suitably chosen positive numbers independent of x. The weighted 
estimates and uniform convergence for the special case an = n^"
1 , bn = mP
!, 
0 < /3 < 2/3 were investigated in [3]. Actually the operators defined by (1) are 
just Bernstein type rational functions, but the approximation properties of these 
operators are different from the usual Bernstein polynomials. 
Z e n g and P i r i o u [12] were the first who introduce and study the Bezier 
variant of the Bernstein operators. After this the rates of convergence for the 
several integral type operators were obtained by G u p t a and collaborators (see 
e.g. [4] [10] etc). Actually Bezier curves play an important role in Computer 
2000 M a t h e m a t i c s S u b j e c t C l a s s i f i c a t i o n : Primary 41A30, 41A36. 
Keywords : rate of convergence, Bezier variant, bounded variation, total variation, Balazs-
Kantorovich operator. 
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Aided Geometric Design, this along with the different approximation properties 
of Balazs operators from usual Bernstein polynomials motivated us to study 
further in this direction. 




x) / f(t)dt, n <G N, x > 0, (2) 
k=0 j 
Ln.fc 
where In,k = [k/nan, (k + l ) / n a n ] , and x > 0, 0 < k < n. 
The Bezier variant of these Balazs-Kantorovich operators can be defined as: 
n „ 
Ln<a(f,x) = TianY,QnJc(




where Qn,k(x) = Jn,k(x) - J
c
n\k+l(x), a > 1, and JU}k(x) = J2 Pnj{x) is the 
3 — k 
basis function. 
Throughout the paper let 
Wnia(T,t) = n a n ^ Q ^ ( x ) x n , f c ( * ) , 
k=0 
where Xn,k is the characteristic function of the interval [k/nan, (/c-fl)/nan] with 
respect to I = [0, oo). Thus with this definition it is obvious that 
oo 
Ln,a(f,x)= í f(t)Wn,a(x,t)dt. 
A g r a t i n i [1] obtained some approximation properties and the rate of con-
vergence for the operators Ln but [1] does not explicitly contains the sign term 
which is important part in the proof of the rate of convergence. In the present 
paper we estimate the rate of convergence for the Bezier variant of Balazs-
Kantorovich operators. For special value our main theorem provides the com-
plete estimate on the rate of convergence for the ordinary Balazs-Kantorovich 
operators. 
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2. Auxiliary results 
LEMMA 1. Forx e (0, oo). we have 
Pn,k(X) --
1 + a n x 
y/2enanx 
Proof . Following [11], the optimum bound for Bernstein basis function is given 
by 
n | jfefj _ tYl~k <  
k J K ' ~ y/2ent(l-t)' 
Substituting t = °"x in the above inequality, we get 
П (anx)
k 1 + anx 
k J (l + a n x )
n "" y/2enanx' 
LEMMA 2. For x e (0,oo), we have 
D 
X I Pn,fc(а?) - j 
fc>la„i/(o+a„i) 
< 
[1 + (a n s )
2 + 0.5(1 + anx)
2} 
(1 + anx) [l + y/nanx] 
Proof . Following [12, Lemma 2], for t G [0,1] we have 
£(z)*'->~-. < 0.8(2t
2-2ŕ + l) + l/2 
1 + y/nt(l - t) 
Substituting t = y i n the above inequality, we get the required result. • 
LEMMA 3. ([1]) For e{(t) = t\ i = 0,1,2,..., and for all x > 0, we have 
Ln(e0ì x) = 1, £n(ei , x) = + 1 + anx 2nan 
and 
Ln(e2ђx) 
n - 1 
+ 
2x 




Зn 2 a 2 + 
nanx
A — anx
3 — a n x
2 + x 
< 
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Proof . Equations (4) and (5) were obtained in [1]. By a direct computation 
from (4) and (5), we obtain 
L n ( ( e i - s e o ) ' , s ) = ̂  + nan(l + anXy 
1 nanx
4 + x 1 + nanx + n
2a4x4 
~ n2an nan n
2an 
From the page 349 of the paper or the reference [3], we learn that 
an = n
f3~\ - K / 3 - 1 < - 1 / 3 . 
Thus 




-2-2 = 0((nan) ). 
n2a2n 
Lemma 3 is proved. D 
LEMMA 4. Let x E (0, oo), then for sufficiently large n, we have 
(i) 0n,a(x,y) = }wn,a(x,t)dt < ---*-- (
1+nanX(<X*)> 0 < V < x> 
and 
("*"> / 1 i i 2 4 4 \ 
(ii) 1 - 0n,a(x,z) = f Wn,a(x,t)dt < I ^ y ^+™»x+nanx ) , x < z < oo. 
Proof . We first prove (i). By (6), there holds 




a f 1 + nanx + n
2 a4x4 
(x-y)2 \ n2a2n ) ' ^ 
where we have applied Lemma 3. The proof of (ii) is similar. D 
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3. Rate of convergence 
THEOREM. Let f be a function of bounded variation on every finite subinterval of 
[0,oo) and let V^(gx) be the total variation of gx on [a, b]. If a > 1. x E (0, 00), 
r > 1 be given and f(t) — 0(tr), t —> 00. then for n sufficiently large 
w/^)-^+)-(i-^)/(^-
<a2c 
l + ( a n x )
2 + 0.5(anx + l) 
2a 
(1 + anx) [l + y/nђanx] 
i , , 9 9 • 9 4 4 \ n 
1 + nanx + naz.x^ + n





9x(t) = • 
f(t)-f(x-), 0<t<x, 
0, t = x, 
[f(t)-f(x+), x<t<oo. 
(7) 
P r o o f . Making use of identity for all n, we have 
/(*) = ^ / ( * + ) + ( l - ±) f(x-) + gx(t) +
 f{X+)~J{X~} signx(t) 2 a 
where 
+ Ыt)\f(x)-^f(x+)-(l-^)f(x-
2 e * - 1 , t>x, 
signa.(t) = l 0, t = x, and Ox(£) = 
It follows that 
-1 , t < x, 
bn .a ( / ,* ) - ^ / ( * + ) - ( 1 - ^ ) / ( * - ; 
0, xфt. 
< \LПia(gx,x)\ + 
+ 
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?or these operators it is obvious that Ln,a(dx,x) = 0. We first estimate 
-'n,a(sign^.(£),#). Choosing k' such that x G [k'/nan, (k
r + l ) / n a n ] , then 
k'-i ( Q ( « ) (X\\
 x
f 
J * , « ( s i g ^ J ("I) 




. / d ř 
\ In,fc/ 
.fc'  k7nan 
(k' + l)/na n + i;/na n ^ 
I (2a-l)dt+J2 (2a-l)QЙ ;J(*) 
П 
= E ^Зм+l^fзг 
fc=fc' + l * ^ 
A^k^ + 1 
(k' + l)/na n 
2 a d í - l . 
' n . f c ' 
/ 
( 0 ( a > fxM (fc' + 1 ) / n a " , v 
"yfc d t / 2
Q dt < 2 aQ n%(:r) , we conclude 
'n,k' 
|I-n,a(sÍgnx(í) ,x) |< + 2eOÍi(x) E -*«n>)-l 
fc = fc' + l 
= | 2 V « f e , + 1 ( x ) - l | + 2
a Q ^ , ( x ) . 
Applying the inequality | a a - ba\ < a\a - b\ for 0 < a, b < 1 and a > 1 yields 
< a2<* ]T pn,fc(» - i 
fc>nancr/(l+an:r) 
«Лг,Ä' + l ( я O _ Õ |2Vn,fc ' + l W - l | ^ «
2 Q 
Therefore by Lemma 1 and Lemma 2, we get 
\Ln,a(sigax(t),x)\ <a2 
[1 + (q nx)
2 + 0.5(1 + qna;)
2] 1 + anx 
(1 + a nx)[ l + y/nanx] ^/2enanx 
Next we estimate Ln,a(9x,x)





-x/y/n x+x/^/n oo \ 
f + f + J \wn,a(x,t)gx(t)dt = E1 + E2 + E3, say. 
(10) 
354 
BEZIER VARIANT OF BALAZS-KANTOROVICH OPERATORS 
We start with E2. For t G [x — x/y/n,x + x/y/n], we have 
I*WI * KZIgis*) --11 K-l!^) 
k=l 
and thus 
1-&1 * cj^-) --1 E c+;/̂ (̂ )- (") 
k=i 
Next we estimate E\. Setting y = x — x/y/n and integrating by parts, we have 
y y 
El= gX(t)dt(Pnta(x,t)) = gx(y)Pn,a(x,y) - / Pnta(x,t)dt(gx(t)). 
0 0 
Since \gx(y)\ < V*(gx), we conclude 
y 
\E_\ < Vy
x(gx)PnAx>y) + j PnA^)dt(-Vt
x(gx)). 
0 
Also y = x — x/y/n < x, therefore by Lemma 4, we have for n sufficiently large 
w^{i+nz:c2<xy^ 
y 
fl + nanx + n
2anx
A\ f 1 _rx( 
a\ n*al ) J (^.i^-^G;.)). + < 
V n*an J 
o 
Integrating by parts the last integral, we obtain 
УVtx(9x)dt (l + nanx + n
2anx
A\ ( _2jrx, N , 0 f 
0 
Replacing the variable y in the last integral by x — x/y/n, we get 
X—X/y/n n 
J V?{gx)(x - *)-
3 d* = - L J Vx*_x/V-t(gx) At 
0 1 
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Hence 
, 2 „ 4 ^ 4 \ n ^ Q / l + u ^ x + n ^ y ^ 
| £ l 1 " F (, n ^ 2 J JL
Vx-x/VE(fo)- (12) 
Finally we estimate £3, defining 
- (t)=i9x(t) i f 0 < t < 2 x , 
^ \go:(2x) i f2x<r :<co . 
We split E3 as follows: 
£3 = E31 + £32, 
where 
0 0 0 0 
£31= J Wn<a(x,t)gx(t)dt and £32 = I Wn<a(x,t)[gx(t) - gx(2x)\ dt 
x-\-x/y/n 2.r 
with y = x + x/y/n the first integral can be written in the form 
R 
By Lemma 4, we conclude for n sufficiently large 
/ 1 + nanx + n
2anx
4 \ | E " I £ H — ^ — J ' 
x)2 (R-x)2 J (t-x) 
2x 
_ i l + nanx + n
2anx
4:\ J V£(g: 
ІУ-x) 
y 
Using a similar method as above, we get 
Jjthř MV*{9x)) ^ x~2y2x^ - ( ^ + x ' 2 £ v*x+x/v~k(g*), 
y 
which implies the estimate 
< 2a / 1 + nan^ + n ^ N - ^ + а / V -
x2 V " 2 a 2 J f^ 
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Lastly we estimate £32. By assumption there exists an integer r > 1 such that 
f(t) = 0(t2r), t —> 00. Thus for certain constant M > 0 depending only on / , 
x, r, we have 
~-, 00 
|£3 2 | < Mma^Qnl^) / Xn,fc(i)i
2rdt 
fc=o ' L 
< M i n o n a ^ p n , f e ( x ) / Xn,fc(j)*
2rdi-
; r» «j k=0 2x 
By Lemma 3, we have 
I-E32I < u2rM • Ln((t - x )
2 r , x) = 0((nan)-
r), n -> 00. (14) 
Finally collecting the estimates of (8)-(14), we get (7). This completes the proof 
of the theorem. • 
REFERENCES 
[1] AGRATINI, O.: An approximation process of Kantorovich type, Math . Notes Miskolac 2 
(2001), 3-10. 
[2] BALAZS, K.: Approximation by Bernstein type rational functions, Acta Math. Acad. 
Sci. Hungar. 26 (1975), 123-134. 
[3] BALAZS, C—SZABADOS, J.: Approximation by Bernstein type rational functions II, 
Acta Math. Acad. Sci. Hungar. 4 0 (1982), 331-337. 
[4] GUPTA, V.: Rate of convergence of Durrmeyer type Baskakov-Bezier operators for locally 
bounded functions, Turkìsh J. Math. 28 (2004), 271-280. 
[5] GUPTA, V.: Rate of convergence by the Bezier variant of Phillips operators for bounded 
variation functions, Taiwanese J. Math. 8 (2004), 183-190. 
[6] GUPTA, V.: The Bezier variant of Kantorovitch operators, Comput . Math. Appl. 4 7 
(2004), 227-232. 
[7] GUPTA, V.: Degree of approximation to function of bounded variation by Bézier variant 
of MKZ operators, J. Math. Anal. Appl. 289 (2004), 292-300. 
[8] GUPTA, V. ABEL, U.: Rate of convergence of bounded variation functions by a Bézier-
Durrmeyer variant of the Baskakov operators, Int. J. Math . Math. Sci. 2 0 0 4 (2004), 
459 468. 
[9] GUPTA, V.—MAHESHWARI, R : Bezier variant of a new Durrmeyer type operators, 
Riv. Mat. Univ. Pa rma 7 (2003), 9-21. 
[10] GUPTA, V.—VASISHTHA, V.—GUPTA, M. K.: An estimate on the rate of convergence 
of Bezier type summation-integral operators, Kуungpook Math. J. 4 3 (2003), 345-354. 
[11] ZENG, X. M.: Bounds for Bernstein basis functions and Meyer-Konig and Zeller basis 
functions, J. Math. Anal. Appl. 2 1 9 (1998), 364-376. 
357 
VIJAY GUPTA — X. M. ZENG 
[12] ZENG, X. M.—PIRIOU, A.: On the rate of convergence of two Bernstein-Bezier type 
operators for functions of bounded variation, J. Approx. Theory 95 (1998), 369 387. 
Received 24. 6. 2005 * School of Applied Sciences 
Revised 9. 8. 2005 Netaji Subhas Institute of Technology 
Sector 3 Dwarka 
New Delhi 110075 
INDIA 
E-mail: vijaygupta2001@hotmail .com 
** Department of Mathematics 
Xiamen University 
Xiamen, 361005 
P. R. CHINA 
E-mail: xmzeng@jingxian.xmu.edu.cn 
358 
